Conditioned Asymptotics for
Tail Probabilities in Large Multiplexers *

N.G. Duffield

AT&T Laboratories,
Room 2C-323, 600 Mountain Avenue,
Murray Hill, NJ 07974, USA

FE-mail: duffield@research.att.com

Abstract

Consider a buffer whose input is a superposition of I independent identical sources, and which is
served at rate sl.. Recent work has shown that, under very general circumstances, the stationary tail
probabilities for the queue of unfinished work @ in the buffer have the asymptotics P[Q > Lb] & e~ LI®)
for large L. Here the shape function, I, is obtained from a variational expression involving the transient
log cumulant generating function of the arrival process.

In this paper, we extend this analysis to cover time-dependent asymptotics for Markov arrival pro-
cesses subject to conditioning at some instant. In applications we envisage that such conditioning would
arise due to knowledge of the queue at a coarse-grained level, for example of the number of current active
sources. We show how such partial knowledge can be used to predict future tail probabilities by use of a
time dependent, conditioned shape function. We develop some heuristics to describe the time-dependent
shape function in terms of a reduced set of quantities associated with the underlying arrivals process and
show how to calculate them for renewal arrivals and a class of ON-OFF arrivals. This bypasses the full
variational calculation of the shape function for such models.

1 Introduction

In this paper we explore the time evolution of estimates of loss ratios in multiplexers of many superposed
Markovian sources. Specifically we are interested in their response to conditionings applied at an instant of
time. In practice such conditioning could arise through determination of a reduced set of state variables, for

example the number of currently active sources.

The phenomenology of the conditioned evolution of loss ratios can be anticipated from the following obser-
vation. It has been established in a large class of queues serving increasingly many sources that at a given
time, the most likely way for the queue length @) to exceed a given level b is for arrivals to build up over
the previous interval whose duration 7(b) is asymptotically proportional to b for large b. (See [2, 12] for
some general results of this nature for sources obeying mixing conditions; see [15, 16] specifically for large

superpositions). Now suppose that the arrival process takes a time ¢, to relax back to stationarity from its
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conditioned state. Then the probability that the queue exceeds a level b at time u > 0 will be the same as
for the stationary queue provided that b is sufficiently small that 7(b) < u —t, holds. For then, only arrivals
since the return to stationarity effect the probabilities of interest. However, for larger b, the P[Q > b] will be
determined by the arrivals prior to relaxation also. Since 7(b) is asymptotically linear in b one can summarize
these observations as saying that the conditioning at time 0 can be accounted for as a change to the tail
distribution P[Q > b] which passes out to infinity as time increases, leaving the stationary distribution in
its wake. In this paper we shall substantiate this description for Markovian arrivals processes which satisfy
appropriate mixing conditions, and provide some heuristics to describe the evolution of the tail distributions.

We 1llustrate the heuristics with the subclasses of renewal and ON-OFF arrivals.

First, we introduce the framework within the asymptotics of the tail distributions of the buffer occupations.
Consider an infinitely buffered queue which processes stationary mixing arrivals. Using the theory of large

deviations 1t can be shown that the tail asymptotics satisfy
lim 6! log P[Q > b] = —4, (1.1)
b— 00

where the exponential decay rate ¢ is calculated in terms of the arrivals process and the service rate of the

queue. This result has been proved in various degrees of generality in [6, 18, 23].
The consequent effective bandwidth approximation
P[Q > b~ e (1.2)

has been proposed as an estimate of the loss ratio in a buffer of size b (See [26, 34] and references therein).
However, there is recent work, both numerical [7] and theoretical [5, 9, 31], which shows that this estimate
can be inaccurate when the arrivals are composed of superposition of L streams each with a high degree of
autocorrelation, increasingly so as L becomes large. (See also [33] for an earlier large deviation treatment
of the large L asymptotic for Markov fluid sources). This is illustrated in Figure 1 for a set of simulated
loss curves for various L. These are generated at constant load in that the service rate is proportional to L.
Each source was a discrete time Markov Modulated process, in which the modulating process was a 2-state
Markov chain which generated periodic arrivals of fixed size in the one state and no arrivals in the other.

This was proposed as a model of packetized voice traffic in [11]. The simulation curves are taken from [8].

Large deviation theory provides the explanation of this behavior. We present briefly from [5]. A basic result
is that for the L-fold superposition, served at a rate proportional to L so that the offered load is independent
of L:

Jim. L™ log P[Q > Lb] = —I(b) (1.3)

for some shape function I depending on the service rate and the arrival process. [ is determined as follows.
Let time ¢ take values in T = Ry or Zy. Consider an L-fold superposition (possibly heterogeneous) of
arrival streams. Let AF denote the work arriving from this superposition during the interval [—¢,0). The
service rate is s for some fixed s. Define the excess workload process by Wl = AL — Lst, i.e., the difference
between the work arriving in [—t,0) and the amount of work which would be processed during a busy period
of length ¢t. The transient cumulant generating function (CGF, or log moment generating function) of the
workload process is defined by

AF(0) = (Lt) " log E[?74 1. (1.4)

We assume
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Figure 1: Simulated loss curves for increasing L.
Hypothesis 1 (i) Limiting car: The limits A\ (0) = limp_ oo AF(0) and A(0) = limy_oo At (0) exist as
extended real numbers for all 8 € R, the first limit uniform for t sufficiently large.
(ii) Stability: There exists 6 > 0 such that A\:(0) < 0 fort sufficiently large.

(iii) Smoothness: A, and A are essentially smooth (see [29]).

Let @ denote the amount of unprocessed work at ¢t = 0. Pathwise we have (see [4])

Q =sup WrE. (1.5)
>0

Denote by f* the Legendre Transform of a real function f, i.e. f*(x) = supy(x0 — f(6)).
Proposition 1 Under Hypothesis | (and with the addition of a reqularity condition 1(iv) of [5] when T =
R, ) then eq. (1.3) holds with

I(b) = til>1g(t/\t)*(b). (1.6)
Hypothesis 2 (i) The equation A(6) = 0 has a positive solution.

(ii) v :=limy_ o0 vy exists and is finite, where vy = —tA:(0), and & is the positive solution of (i).
Proposition 2 Under Hypothesis 2 (and with the addition of a regularity condition 3(ii) of [5] for T = Z,)
then & can be expressed as

Jj = xn;% zA"(1/z), and (1.7)
lim (I(b) —db) = v (1.8)

b—o0



It is worth remarking that neither stationarity of the increments of the W} nor homogeneity of the arrivals

are required for Propositions 1 and 2.

The work of this paper rests upon the observation (which we shall substantiate in classes of models) that
whereas J is insensitive to conditioning of the arrivals process A at some point in time, v is not. One can
understand this latter property at an intuitive level by remarking that the mixing conditions sufficient for the
existence of A (see e.g. [13]) should mean that the effects of conditioning decay with ¢ and are time-averaged
out in (1.4) as ¢ — oo. However, we see from Hypothesis 2(ii) that v is not a time-averaged quantity: so it

is plausible that the effects of initial conditions persist at this finer level of the shape function.

Now the motivation for the shape function was that is should provide a correction to the effective bandwidth
approximation for queue-tail asymptotics. Consider a buffer serving a large number of stationary sources;
take, for example, MMPP sources. Suppose at ¢ = 0 we observe a deviation in the empirical distribution
of the modulating processes away from its mean. Conditioned upon this event, the large buffer asymptotic
of the shape function I(b) ~ db + v as b — oo will be shifted from its average value, due to the shift in
v. The ramifications of this are that predictions of the cell-loss ratios based on the effective bandwidth
approximation (1.2), or its refinements using (1.3) and (1.8), can be inaccurate in the presence an observed

large deviation in the aggregate arrival process.

What can be said about the evolution in time of such phenomena? We shall show that for finite & a good
approximation to /() can be got by taking I(b) ~ db+ v, () where 7(b) is the time-scale over which arrivals
must build up in order for the queue to exceed the level b. This enables us to substantiate the behavior
announced at the start of this section: at times v > 0 and buffer sizes b such that 7(b) < u — ¢, where ¢,
is the time required to relax to stationarity after conditioning, then v; () is the same as it would be for the

unconditioned process. The consequent approximation for loss ratios is

P[QF > Lb] m e H ) g gm0 Lvr) (1.9)

We envisage that the consequent of loss ratios under conditioning could be used as the basis for admission
control under two different scenarios. The first is in circumstances where information on the modulating
state (for example, the number of sources currently active) is more readily available that detailed information
about the state of the queue. This is reasonable if modulating state information resides is more accessible
that detailed state describing the queue and short term arrival patterns. For example, the former could
reside high in the protocol stack, the latter being buried within the implementation of the queue. However,
with an appropriate model of the detailed behavior of the sources, admission control would then be based
on determining, through knowledge of the current modulating state, the bandwidth required in order to
guarantee sufficiently small loss ratios in the future. These probabilities would be determined by the condi-
tioned, time-dependent shape function determined from a traffic model. An example of admission and other

controls based on such modulating state information is presented in [19].

In the second scenario we assume instead that we have access to detailed state of the arrivals process. Some
recent work [10, 17] has demonstrated the possibility of determining the cGF A and the consequent slope §
for real-traffic. In principle the offset v can be measured in the same manner and used to determine loss
probabilities via (1.3) and (1.8) in a model independent manner without identifying a specific conditioning

of the arrivals.



Our work in this paper is divided into three parts. Firstly, we demonstrate the generality of the behavior
described above by establishing it in queues with a broad class of arrivals processes, namely Markov Additive
Processes (MAP’s). The tasks involved in this are as follows. In section 2 we establish the sensitivity of v
to conditioning and show how to combine conditionings on different MAP sources in order to approximate
the loss curve for the queue fed by their superposition. In section 3 we demonstrate the time-dependent
behavior of the conditioned shape function, and in section 4 we propose two heuristics to describe this. The
heuristics have the advantage that they are characterized by a reduced set of quantities rather than the full
conditioned shape function. Having established the behavior described above to the level of generality of
MAP’s, the second part of our work is to provide formula for its application in two simpler subclasses of
models, namely renewal arrivals processes, and alternating renewal arrivals processes; or ON-OFF models.
This is done in section 5. As a by-product we are able to provide formulas for the stationary offset v for
such models; this is a matter of independent interest which seems not to have been worked out yet. With
these results to hand, the third part of our work, done in section 6, is to demonstrate the accuracy of the
heuristics by comparing them with the full time dependent conditioned shape function with the heuristic

approximations in an example.

2 Conditioning in a queue with Markovian arrivals.

When a queue is fed by an L-fold superposition of independent sources served at rate s then the transient

cGr for Wl decomposes as a sum
L

ALY = L7 Xi(6) (2.1)

i=1
where X; +(0) =t~ logE[e?"51] is the transient CGF of source i assigned a service rate s. Our first step in
analysis of the conditioned asymptotics for large superpositions will be to analyze the conditioned CcGF for

a single Markovian source and to find the appropriate form for v.

Consider a single source for which the backward excess workload process W is the additive component of an
MAP (X, W). That is to say, let X = (X¢)rer be an irreducible aperiodic Markov process on a state space
E with o-field &, adjoined to which is an additive component W = (W;):er with Wy = 0 such that (X, W)
is a Markov process on the state space £ x R. Here X plays the role of a modulating process, while W;
gives the cumulative additions to the excess workload as determined by (X; : 0 < s <t). As a special case,
X may itself be the increment process of the workload so that W, = fot ds X,. For each t' > 0 € T the joint
distribution of X4, and the increments Wiiy — Wi, conditioned on (X, Wt”)ogt”gt depend only on X;.
This dependence can be expressed through the kernel

Pt/(l‘,G X B) = P[Xt-|—t’ eG, Wiy — W, €B | X; = x] ,

for G € £ and B a Borel set of R. We assume the existence of a stationary distribution ¢ for X.

A recurrence condition on the kernel P is required for what follows (see [25], or the summary in Hypothesis
5 in [5]). We assume it to be satisfied. Define the transformed kernel

P,(6) = P,(2,dy; 0) = /Pt(x, dy x dw)e®™ . (2.2)



Let ¢*(®) denote the maximal eigenvalue of P;(6), #(6), £(0) the corresponding (right) eigenfunction and (left)

eigenmeasure respectively. Define the conditioned CGF
(0, 2) =t og E[e?™ | X = 2] =t log Pt(x, E;0), (2.3)
and its unconditioned version

A (0) =t ogE[efWe] =171 log/ q(dx)Pt(x, E;0). (2.4)

Our first result establishes the convergence of the single source ¢GF under conditioning and gives the appro-

priate conditioned form of v.

Proposition 3 (i) A() is essentially smooth and essentially strictly conver on some domain D.

(ii) For @ € D, (0) is absolutely continuous with respect to q; r(0) and d¢(0)/dq are uniformly positive and
bounded.

(iii) For all 8 € D
e8] = = (00 A0 (14 O(<1(6))) (2.5)
for some £(0) € (0,1) where A is the unconditioned cGF and

—v(f,z) _ 7“(9’ x)ﬁ(g’ E)

= 00, dyyr(o,) (26)

(&

(iv) For all 6 € D and © € F lims_, 00 At (0, 2) = A(#). Moreover, the convergence is uniform in x.

(v) If a strictly positive solution § to the equation A(§) = 0 exists

— lim tA (6, 2) = v(z) == v(d, x). (2.7)

t—=00

Proof: (i,ii,iii) follow from Lemmas 3.1 and 3.4 of [25]. Then (iv) and (v) become trivial corollaries. The

uniformity of convergence in (iv) follows from the form (2.5) and the boundedness of r(#) and d¢(6)/dq. W

We now treat heterogeneous conditioning within otherwise homogeneous superpositions of sources. (The
extension to superpositions of multiple classes of arrival processes, each with heterogeneous conditioning
is straightforward). Consider at L-fold superposition of MAP sources (X; ¢, W; ;)i=1, .1 +er With identical
transition kernels. Set XOL ={X;0:4=1,2,...L} and let y; denote the empirical distribution of the X o,

1.e.

1
pr= 7 ;5&,0, (2.8)

where J, is measure with a single atom at # € /. Then the conditioned cGF for finite L is
A 0.5E) = [ pnldone. o). (2.9)
Proposition 4 Assume pj converges weakly to some measure p as L — oo. Then

(1) img oo A (0, XE) = Mo (0, 1) := [ pu(dx) e (0, 2) uniformly fort > 1 and 0 € R..



(ii) lime 00 At (0, ) = A(0) where X is the CGF of the unconditioned process.

(iii) Suppose a positive solution § to equation A(6) = 0 exists. Then

W)= [ () = - fim 0,6, (2.10)

uniformly bounded for all x € I/ and ¢ > 1. |

In conjunction with Proposition 3, Proposition 4 tells us when a positive solution ¢ to the equation A(J) = 0

exists then Hypotheses 1 and 2 are satisfied. The main theorem of the section then follows as a corollary.

Theorem 1 For the conditioned queueing system described above then the asymptotic (1.3) holds with a
shape function I for which
lim (I(b) — db) = v(p). (2.11)

b—o0

3 Evolution after conditioning

How does the shift in v from its stationary value evolve after conditioning? We will answer this question
at the level of single source shape functions, or equivalently, for homogeneous conditionings. The results
extend to heterogeneous conditions by use of Proposition 4; one need only take the expectation of a given
conditioned shape function with the distribution v if initial conditions. We will recapitulate how to do this
at the end of section 4. Our ability to predict the future shape function rests on the assumption of a priori
stationarity of X and of the increments of W. In this case the Markov property for the backward process
(X, W) is equivalent to that of the corresponding re-reversed (i.e. forward) process ()2, W) We examine the
effects of condition at some point ¢ = —u in the past, and derive the shape function for the queue at ¢ = 0.
In the main result of this section, Theorem 3, we show that for any fixed buffer level b, the offset v of the
shape function converges to its stationary value as we move forward in time. However, the conditioned value
of v persists at increasingly large buffer levels. We conclude this section by obtaining a relation between the

conditioned offsets for a given MAP and its time-reversed process.

Let R be the transition kernel for X. Then the moment generating function of the work arriving in the ¢
units of time previous to some u > 0, conditioned on the modulating process X taking the value z at time
0 is, by stationarity of (X, W), equal to

oW, o [ Ru—i(x, dy) B[PV | Xy =y ift <u
Bl | Xy =a] = { E[e?WVi-Wa) | X, = o]V | Xo = 2] ift>u (3:1)

In the last expression we have used the Markov property of the MAP. Using A, A to denote the transient
cGF’s for the backward and forward workloads respectively, and similarly defining v and 7, we get from (3.1)
that

longu_t(x, dy)etr(#:v) ift<u

(t —whe_u (8, ) + u:\;(ﬁ, x) ift>u (3.2)

tAgut(0) :=log E[eeW’ | Xy = 2] = {



Let I, . be the shape function derived from the Az ., i.e.,
Iu(b) = tH>H;(tAx,u,t) (b), (3.3)

and [ that from the A;. The next proposition shows that in the limit ¢ — oo, A; o ¢ is completely insensitive

to the time wu since the conditioning took place.
Proposition 5 Let U(:) be any positive function on Ry. Then limy_oo Apv(r),:(0) = A(0) = :\(9)

Proof: The equality of A and A follows from the (trivial) equality of A¢ and \;. To obtain the first equality,

Agu@)e(0,2) = X(0) +O(t~1) for t > 1. m

The last result suggests that we will be able to assign the same asymptotic slope § (the positive root of
A(d) = 0) to any of the shape functions I,,. However, while the slope will be independent of w, the offset of
the asymptote from the origin is not. The next proposition helps determine the location 7(u) of the infimum

in the variational expression (1.6) for I, ., and to express the offset I,,(b) — Jb in terms of it.

Proposition 6 Let 7: Ry — Ry be strictly increasing to infinity. Then there exist functions 5,7 : Ry —
R, with B(u) eventually increasing to infinity, such that as u = >

Blu)/r(u) = N(@8),  7(uw)/7(u) =1 (3.4)

and for which the following bounds hold for all u > 0

_%(U)Ax,U,f(U)(é) <Ipw (ﬁ(u)) - 56(“) < _T(U)Ax,U,T(U)(é) (35)
Proof: Define f(u) = T(U)Alx,u,T(u)((s)' By Lemma 5 and Lemma IV.6.3 of [20],

and hence § is eventually increasing, and the first limit in (3.4) holds.

Upper Bound: Iy (8(u)) — d8(u) < (7(w) A u 7)) (B(w) —6(u) = —7(u) A u 7 (u)(9)-
Lower Bound: Let the infimum (1.6) for I, . (#(u)) be attained at 7(u). Then

The results then follows if we can establish that r(u)/7(u) — 1 as v — oo. This follows from the Theorem
4 in [15] provided that for some tg > 0

iminf i H > 4. .
h?i,l&lfoé?ftoubt(l/t) >4 (3.8)

Now from (2.5) it follows that for some K > 0, et () < K tA8) for all § and for all t > 0. Consequently
A(0) < A(0) + K/t and hence AL (1/t) > tA*(1/t) — K/b. (3.9)

(3.8) then follows for any ¢y > 0 by use of (1.7). |



Proposition 6 is the technical result which will enable us to substantiate (1.9) in an appropriate sense. It
indicates that when #(u) is equal to some large b, then 7(b) of (1.9) is roughly 6\ () and so the quantity
denoted by v) in (1.9) which approximates I, . (b) — db is roughly —bA'(d)As u par(s)(BA'(d)). We now
formalize this in the main theorems of this section. First we establish the extreme values of the offset as

b — oo and u — oo, according to the order in which we take limits.

Theorem 2 Assume that § exists as the positive solution of A(§) = 0 and the hypotheses of Proposition 2
are satisfied. Then

(i) limy o0 imp—y o0 (1,0 (b) — 6b) = v(2) + D(2).

Proof: (i) Since by assumption (1.8) holds, it suffices to show that limy e Iy u(b) = I(b) for all z and b.
Since X is assumed to irreducible and aperiodic, Ru_t(x, dy) — q(dy) weakly as u — oo, and hence

lim Ay (6, 2) = A (8) = \e(6) (3.10)

U—00

independent of z, pointwise for ¢ and 6. Thus by Lemma 1 of [15],

lim (tAy w0)* (b) = (tA)* (b) (3.11)

U—00

pointwise for ¢, and for b in the effective domain of Af. Then we get a lower bound:

lzﬂgg}ffx,u(b) = lbnl,g}fiﬁg(mwvt) (b) (3.12)
> t11>1g hufggf(t/\x,u,t) (b) (3.13)
= tlgg(t/\t) (b) = 1(b). (3.14)

For the corresponding upper bound, observe that for any ¢’ > 0, I o (b) < (A )" (b) so that

limsup I, (b) < (#'A7)"(b). (3.15)
U—00
Since t’ is arbitrary
limsup I,  (b) < inf(tA)* () = I(b). (3.16)
u—00 t>0
(i) From (1.8) and (3.2) we have
Jim (I 4 (b) = 6b) = lim 1A, () = uy (6, ) + Jim £ (4, z) (3.17)

from which the result follows upon taking u — co.
|

We can make a more precise identification of the location of the change in the offset I ,(b) — 6b between
the two limiting values in Theorem 2. Roughly speaking in the offset moves outwards as u increases and is
located around b = uX'(J).



Theorem 3 For each k € (0,1) or (1,00) there exist ky with limy_ oo ky = k such that

lim I, o (kyuX (8)) — dkyuX (8) =

U—00

{1/ if 0<k<1 (3.18)

v(z)+ v(x) if k>1

Proof: Let 7(u) = ku with £ > 1. Combining (3.2) and Proposition 6 we have

(6)) — SkuA

z,uku

(u — 7(u)) s () u (0, ) + uly (02) < Ly o (kuA!

z,uku

(8) < u(l — k) Auo1)(0, ) + uly (0, 2).

(3.19)
As u — oo, the upper bound converges to v(z)+7(x). Now we have seen in Proposition 6 that 7(u)/r(u) = 1
and k, = kA/x,u,T(u)(é)//\/(é) — k as u — oco. From this it is not difficult to show that the lower bound

converges also to v(z) + (z) and we are done.

kuj\ku(‘gyy)’ with a

When &k < 1 the proof is similar, except now the upper bound is —longu(l_k)(x, dy)e
similar lower bound having 7(u) is place of ku. As u = oo, then by the weak convergence of Ru(l_k)(x, dy)
to the stationary distribution ¢(dy) and (2.5), this converges to —logfq(dy)e_”(y). This is equal to v by

the following Proposition 7(iv). |}

Theorem 3 says that the step in the offset becomes sharp at & = u)(J), as measured in a time scale
proportional to u. This phenomenon conforms to the sharpness of relaxation times found in classes of

Markov processes when their dimensionality becomes large; see e.g. [1] for some results and references.

What can be said about the accuracy of approximations based on Theorems 1, 2 and 3 as applied to models
with finite L7 It is not difficult to show that the convergence in Theorem 1 is uniform for b in bounded sets.
This means that predictions of the shape of I will follow the shape of the loss curve for finite L arbitrarily
closely (out to any &) for sufficiently large L. Moreover, a finer analysis of the convergence for superpositions
of independent sources shows that the the error I(b) — L=t log P[Q > Lb] is O(L~tlogL) as L — oo [28].

The relation between v(z) and 7(z). We have seen that (trivially) v = . We now examine the relation
between the conditioned offsets v(z) and #(z). As before let (X, W) the backward MAP, with transformed
kernel P;(f) and (maximal) right eigenvector #(6) and left eigenmeasure £(6). The same symbols, with a
tilde, are used to denote the corresponding quantities for the forward process. We abbreviate r(6) and £(6)
by simply r and £.
Proposition 7 (i) 7 = d{/dq and hence r = dg/dq

(ii) For a reversible MAP, r = df/dq and hence v(z) = v(x).

(iii) Ele=7Xo)=7(Xo)] = ¢=¥,

(iv) Ele77(Xo)] = =7,
Proof: (i) Let A, B € £. Then

E["V; X, € A, Xo€ B] = /dq(x)IB(x)Pt(x,A;H) = /dq(x)IA(x)Pt(x,B;H). (3.20)

Thus

d [ dq(x)Ip(x) Pz, -; 0)
dq

fét(y,B;H) = (¥), (3.21)

10



and so 5
/]ét(y’ " 9)%(2) _ dfdﬁ(xzi?(x, 0 ) = e””);l—j(y). (3.22)

The second relation follows by symmetry.

(ii) » = dt/dq is a trivial consequence of (i) and P = P in the reversible case. Use 1 to indicate the identity
function, and (¢, r) for [ ¢(dx)r(z). Since in the general

—v(z) _— T(l‘)(g, 1)

2
e 0 (3.23)
oy _ M@0 m@)er) (3.24)
(¢, 7) (¢r) -
then specializing to the reversible case with r = d¢/dq the result obtains.
(iii) From (3.23)
; (.9 (@) (L) (g, 7)(0,1)
—v(Xo)-P(Xo)] — dgq _ % ) v
Ele ] Ok 0 e v, (3.25)
(iv)
E[e_”(XU)] = E[lim e”"(é’X”)] = lim E[e”"(é’X”)] = lim M) = ¢ (3.26)
t— 00 t—=00 t—=00

uniformly for x € F and ¢ > 1. |

4 Heuristics for the time dependent behavior

Theorem 2 shows that for fixed large u there is a shift in [, (b) — db between its value for smaller b and that
for larger b. Theorem 3 suggests that in describing the shape of I,,(b) we use the following:

Rough Heuristic.
b+ v b < uXN(9)

Ipu(b) = { b+ v(z) + i(x) b > uN(9) (4.1)

The heuristic is specified by four parameters: the offsets v, v(z), ¥(z) and the speed A’'(d). This gives consid-
erable simplification of description as compared with the full conditioned shape function. The parameters can
be found using the formulas in Theorem 3 based on the eigenfunction and eigenmeasure of the transformed

kernel P;(d). Examples of explicit calculations of these can be found in [14].

By adding one further parameter we gain some more detail of the time dependent shape function I, , () in
the region of the step at b = uA'(§). We can use the upper bound in Theorem 6 to give an approximation for
I .. We parameterize b as b = uX(d) + ¢ and set 7(u) = u + ¢/N(d). We now combine with (3.2). Taking
first the the case ¢ < 0, i.e. ¢ < u, then when u and hence ¢ are large, A (8Y) will have settled down to

e W) Likewise for ¢ > 0, i.e. t > u, u:\u(ﬁ, z) will have settled down to e™. Thus we have the following:
Approximation.

—log [ R_c/nis)(z,dy)e ") if ¢ <0

5w) ~ (/N N Aoy (@) e > 0 (42)

L (uX (0) + ¢) — (uX (d) + ¢)d = {

11



In this approximation, as ¢ increases (or decreases) from 0 we see that the offset I, (uX (8) +¢) — d(uX (d) +¢)
relaxes to the extreme values as determined in Theorem 2. From (4.2) we see that the rate of convergence for
¢ < 0 is determined by that of ¢ — R_c/)\l(é). Thus for ¢ < 0 relevant relaxation distance is B_ := X (J)/v_
where v_ is the is the (negative of the) supremum of the spectrum of the generator of R after the maximal

eigenvalue 0 has been removed.

Similarly, for ¢ > 0 the relevant relaxation distance is By := X (§)/v; where vy is the (negative logarithm

of the) second highest eigenvalue of P;(§). Together, these yield the following:

Full Heuristic. For large u,

ob+ v b<uM(d)— MB_

Lu(b) ~ { Sb+ v(z)+5(x)  b>uN()+ MBy (4.3)

for some multiplier M > 1, and joins continuously between these extremes for b € [uXN (§) — M B_,u\'(d) +
MBy]

The multiplier M is somewhat arbitrary: in an exponential decay we might take M = 3 in order to get within
about 5% of the limiting offsets v and v(z) 4 () (measured as a proportion of the difference between them)
at b = uX (J) £ M By. We can describe the full heuristic as saying that I, , has a ‘step’ which has a width
roughly equal to A'(d) times the relaxation distance M (B_ + By) and which propagates along the shape

function, linearly with u at rate A’'(d).

Estimation of tail probabilities for heterogeneous conditionings. The location and width of the
step are independent of the conditioning x. Consequently, given a limiting distribution g of conditionings at
time ¢ = 0, such as appears in Theorem 1, we can adapt any of the theorems of section 3 or the heuristics

and approximations of the present section by integration of the conditioned offsets v(z) or ¥(x) against p.

To estimate tail probabilities at large finite L use the limit (1.3) to furnish the appropriate approximation
for a conditioning distribution pz. Thus, for example, the rough heuristic becomes:

P[QL > Lb] m o=l S e @lnlt) { e H(Ob ) b < uX(3)

L)+ (n)) s ) (8) (4.4)

5 Application to renewal and On-Off arrivals.

A special case of MAP’s is furnished by renewal processes. Let (N;)ier, be a (possibly delayed) renewal
process with renewal epochs (7}, )nez, . Then (X;, N;) is a Markov Additive Process when X; =t —Ty,: the
time since the last arrival before time ¢. If we want to calculate the complete conditioned shape function
via the variational principle (1.6) then we can calculate A;(6, Xg) within the MAP framework. On the other
hand, the rough heuristic (4.1) is characterized by a reduced set of quantities: §, v, v(z), A. In the remainder
of this section we show how, if one is content to use the rough heuristic rather than the full heuristic or
the shape function, the other quantities can be calculated fairly directly for renewal and alternating renewal

(ON-OFF) processes without recasting them as MAP’s.

Renewal Processes. For the renewal process (N;) with renewal epochs (73,) let F' be the common distri-
bution of the interarrival times {T,4+1 — T,,, n > 1} and G be the distribution of T}. We assume that F has
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finite mean m, and no atom at 0. Recall (see e.g. [30]) that (N;) is stationary when G = Gg; where Gy has
Laplace transform (LT)

Gse(r) = (1= F(r)/(mr), (5.1)
where F is the LT of P etc.

Consider a backward arrival process A; = aNy, some a > 0, served at rate s. For the purposes of calculating

the parameters of the rough heuristic only, the following renewal theoretic calculation suffices. Let et*+(%:)

Ay —st)

denote the expectation of e when 77 has distribution (. For stability we require ms > 1.

Theorem 4 (i) The Laplace Transform with respect to t of et*(#G) s Z(a@, s0) where

o 1=G(9) e Go) (1~ F(9))
e T )

;o> P emv). (5.2)

(ii) M0) = limy_y 00 At (0; G) exists independent of G and is equal to F‘l(e_‘w) — s0.
(iii) & is the non-zero root of F(s58)e® =1 and N (§) = —1 — ae~% JF'(s0).

—ad A
(i) (@) = lim ea) 2 (77 = 1G]
t—o0 SéF/(S(S)

—ad\ 2
(U) eV = e7¥(Gst) = A_l (1 —~ ) .
mF’(s6) 50

Consistent with the notation of section 2, v(z) will denote v(G) in the case GG is the measure with a single

atom at z.

Laplace transform methods. In identifying § and v for renewal and oN-OFF models, we shall find it
convenient to adopt the following strategy. Consider for simplicity the homogeneous case with unit service
rate per source. Define Z(6,t) = E[e?4!], and define the Laplace transform of Z(#) with respect to ¢ by
2(9, r) = fooo Z(0,t)e""dt. Note that

MO = =0 7 (9 1). (5.3)

Suppose now that some k(0) > 0 and p(#) we can demonstrate that
5/ MO = (et gt — c7(0,0 + p(6) + ) — k(6), (¢ = 0F). (5.4)
0

Then it follows from Karamata’s Tauberian Theorem (see Theorem 1.7.6 in [3]) that
lim e!(8)=e(®)) = k(p). (5.5)

t—=00

Thus A(0) = limi_,co At(6) exists and is equal to p(6). We can identify A(f) by the requirement that
2(9, 0+ A(0) + ¢) diverges as e — 0T i.e.

AO) =inf{p: Z(0,0 + p) < o} (5.6)
We identify d by the requirement that A(d) = 0. Since X'(§) > 0 this gives

§=sup{f: Z(6,0) < x}. (5.7)
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tAe(8)

Finally choosing # = ¢ in (5.5) we see that e™" = limy_, o € exists and is equal to k().

Proof of Theorem 4: (i) Let Z(#,t) = E[¢?"] and denote by Y (8, ) this expectation for the corresponding
non-delayed renewal process (i.e. with G = F')). By a standard renewal argument we have
Y(0;t) = 1—=F(t)+(FxY(0)1) (5.8)
Z0;t) = 1-G{t)+ (G Y (0))(1). (5.9)

Taking Laplace transforms with respect to ¢ we obtain (5.2).

(ii) From (5.2) and (5.6) and taking into account now the arrival size a and service rate s, then A(f) is
defined by the requirement that the denominator of Z(aﬁ, s0 + A(#)) be infinite. Thus it is the the solution
p of the equation ea‘gF(SH +p)=11e, A(0) = F‘l(e_‘w) — s6.
(iii) Follows from (ii) by the requirement that A(d) = 0, so that § is the positive root (unique by convexity
of log F) of

e F(s8) = 1. (5.10)
(We remark that it is possible to obtain this equation for ¢ from (5.2) directly within the framework of
transient renewal theory: see XI.6 of [22]). The formula for X' (d) is obtained by differentiation of the result
in (ii).

(iv) Follows by evaluation of k(d):

e = lim £Z(ad,sé + ¢) (5.11)
e—0t
ad __ a
N Gt [CICL) AT : (5.12)
s e—0+ 1 — eaéF(S(s + )
—ad _ q ~ 5
w. (5.13)
s6 ' (s0)
(v) then follows from (iv) by inserting (5.1) into (5.13). |

Alternating renewal (ON-OFF) processes. The above methods can be extended to treat alternating
renewal (ON-OFF) processes in the case the the on-duration has finite moment generating function in some
neighborhood of the origin. For simplicity we treat the case that all on and off periods are mutually
independent. The on periods have distribution 7', the off periods distribution H. We let mp and mpg denote
the mean of F' and H respectively. Initially, the process is ON with probability pg, in which case the time
till the start of the next OFF period has distribution Fy; it is off with probability 1 — pg, in which case the
time till the start of the next oN period has distribution Hy. In the stationary case

mpg Fo(r) = Fst(r) = 1—7F(7°)’ and Ho(r) - Hst(r) — 1_7}1(70) (5.14)

Po=DpPst ' = ———,
mp +mg rmpg Mg

In the ON periods, fluid arrives at rate a. Finally, as usual, we consider the superposition of L such sources,

served at rate sL.

Let T} denote the amount of time a source is ON during the interval [—¢,0), and set Z(6;t) = E[e?T*], with

Y (6,t) denoting the corresponding expectation conditioned on an ON period starting at time 0. Then

Z(0:) = p (" (1= Fot)) + (Fo(05-) « (1 — H))(t) + (Fo(6; )« H+ Y (6;))(1)) (5.15)
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(1= p) (1= Holt) + (Ho Y (0)) (1)) (5.16)
Y(B:0) = (L= F()+(F(0: ) (1= H) () + (F(8:-)  H Y (6-)) (1) (5.17)

where dF(0;t) = e®*dF(t) and likewise for Fyy. Thus, taking the LT with respect to ¢, we obtain

20,r) = —E= (1= Ho(r = 0)) + = Fo(r = )(1 = H(r) + 1%]’(1 — Hy(r)) (5.18)

+ (pFo(r = 0)H(r) + (1= p) Ho(r) ) Y (6, 7) (5.19)

where R ” R
Y(H,r) _ (r—0)=*(1 - F(r —AH)) + r_A F(r=0)(1- H(r). (5.20)
1= F(r—0)H(r))

We are now in a position to prove:

Theorem 5 Suppose the stability condition pga < s is satisfied. Then

(i) A(#) is the unique root p of the equation
F((s—a)f+p)H(s0 +p) = 1. (5.21)

(ii) 6 is the unique positive root of the equation F((s - a)é)f](sé) = 1. X(3) is given through

/ F/((S — a) ) !
(s—a+A (5))m+ (s + N (d)) 03] (5.22)

(==
m>
Py
Cn
(=
=

(iii) Conditioned on pg, Hy and Fy, the offset v(po, Ho, Fy) is given by

o—v(po,Ho, Fo) _ _ poFo((s — @)8) + (1 — po) Ho(sd) 1— F((s — a)d)) N F((s — a)d)
F'((s — a)8)H (sd) + F((s — a)d)H'(s6) (s —a)é 58 '
(5.23)
(iv) In the stationary case the offset v is given by
v 1 (k—1)a 2
S T T T ) 21

where k = F((s —a)d).

Proof: (i) As in Theorem 4, A(f) must make Z(a@, s0 + A(#)) infinite. So from (5.20), A(#) is the root p of
(5.21), when this exists. (If it does not then we take set A(f) = c0). One sees that dp/d8 is negative, so the

root is unique when it exists.

(ii) e = Ele®Tt]e=50t = Z(a@,t)e_set, so as in the case of renewal processes we find § = sup{f :

Z(aﬁ, sf) < oo} to be the unique positive root of the equation

F((s—a)d)H(s6) = 1. (5.25)

A familiar convexity argument shows that the unique positive solution exists if the derivative of the left hand

side w.r.t § at § = 0 is positive. This condition reduces to psta < s. Note that the root is independent of the
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initial distribution specified by Fy, Hy and pg. Setting p = A(6) (5.21) and differentiating w.r.t. 6 at 0 =4
yields (5.22).

(iii,iv) Similarly, by the above Laplace transform methods e~V (PoFo,Go) lim, Lo+ EZ(aé, s6 + ¢£), which
yields (5.23). Substituting the stationary distributions in (5.14) yields (5.24) after some algebra. |

6 Comparison of heuristics, approximation, and shape function.

We illustrate the effects of conditioning on the shape function in a renewal model: the interrupted Poisson
process. Although the model is quite simply formulated [27], existing results for distributions appear limited
to obtaining the Laplace transform of the stationary distribution of the remaining work; this using matrix
methods in L + 1 dimensions for L-fold superpositions [24]. The value of § can be obtained by using matrix
methods as in, for example, [21, 32]. Fortunately, we may fairly readily go further and calculate the full time
dependent shape function in order to test the heuristics against it. First define the interrupted Poisson process
as a Markov Modulated Poisson Process (X, N¢)ier, . Here X; is a Markov process {0, 1}, with transitions
0 — 1 occurring at rate x, the reverse transition at rate p. In state 1, the increments of N; are Poissonian at
rate r; in state 0 Ny remains unchanged. We set the arrival process to be A; = alV;: each arrival is of fixed
size a. Tt is not difficult to see that N; is a renewal process; this is established in [27] and the interarrival
time distribution derived. From this we could determine the parameters entering into the rough heuristic
(4.1) using Theorem 4. However, to make a comparison of this with the full shape function, conditioned on

Xy, requires that we calculate the full transient conditioned cGFwithin the Markovian formulation.

We now derive (2.5) for this model. Let F; denote the distribution of the time till next renewal given the

modulated process is in state ¢. Then an elementary argument shows that

FO = E,Q *F1 (61)
r 1

o= E, B % By, 6.2

! T+ p ot r+p +u kL0 (6.2)

1

where F, denote the exponential distribution with mean p~ and * denotes convolution of distributions.

Upon taking the LT and eliminating Fi we obtain

o s
F(¢) = Fi(¢) = G+ d(p+r+r)+re

(6.3)

Let At (f,{¢}) denote the workload cGF conditioned on being in state ¢. The corresponding initial distribution
(i is F;. Upon substitution of F' and the appropriate GG into (5.2) and inversion of the LT, one obtains (after

some algebra):

) c_(6
e—st8 tA(8,{0}) et ( eo-(0)t _ co+ ()t 6.4
o (0) — (0] 0 — (0] (64)
e—stGeMt(G,{l}) _ Cy (9) — 7”(6(19 — 1) ec_ (G)t _ C_ (9) — r(6a9 _ 1) ec+(€)t’ (65)
(0 = o (0 (0 = o (0
where
2e£(0) = r(e® — 1) = (i 4+ 1) £ /(x4 p+ r(e® — 1))? — dpur(eo® — 1), (6.6)
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Finally, for the stationary renewal process we have

etr(8) — P exi(9.{0}) n K etAt(G,{l})’ (6.7)
B+ B+

i.e. asum of the e!*(?:{1}) weighted by the stationary probabilities of each of the modulating states. The

reader should note that the derivation of (6.4) to (6.7) is just a derivation of the spectral decomposition of the

transformed kernel P;(6) which leads to (2.5): factorization of the denominator in (6.3) find the eigenvalues,

and the consequent partial fraction decomposition find the eigenvectors.

We can use the variational expression (1.6) to determine the corresponding shape functions I(b,{7}) nu-
merically. We have chosen a service rate s = 1. We can determine the parameters of the rough heuristic
as follows. § is found by numerical location of the root of the equation got by combining (5.10) and (6.3).
(Alternatively, the requirement that cy (§) = sd yields the same equation). Comparing (6.4) to (6.7) with
(2.5) then eV, e=7(10) and e~} can be read of as the coefficients of e+t in the appropriate cGF. A

renewal process is reversible, so by Proposition 7(ii) v(z) = v(z).

We have performed some calculations for the case K = pu = 1/10 and » = s = 1, and have displayed the
results as follows. In Figure 2 we show, at time zero, the (negative of the) shape function conditioned by the
ON state, the OFF state, and also the unconditioned version. The first two of these represent the asymptotic
loss curve in the extremes of superpositions with all state ON or all states OFF: the loss curves for mixed
superpositions will lie between these. Observe (a) the asymptotic parallelism of the curves—they share the
same asymptotic slope d; and (b) the variation in the offset: v({1}) < 0 < v < v({0}).

In Figure 3 we have displayed the difference 171} ,,(6) —db for the shape function run forward to time u = 100,
conditioned on all the sources being initially oN. We also display the approximation (4.2) together with the
rough heuristic (4.1). The latter is indicated by the horizontal lines for the upper limit v and the lower
limit v({1}) + #({1}) = 2v({1}). The parameters for the rough heuristic are v = 0.352, 2v({1}) = —0.296,
d =0.372, X(6) = 0.389. The step is predicted to be located around uX'(§) =~ 38.9.

For the full heuristic, we must invoke the MAP formulation of the model. The generator of the modulating

—K K 1 -1 1
( —p —p ) - E( 1 -1 ) (6.8)
so that v_ = 1/10. Thus with the multiplier M = 3 we expect the half-step width on the left hand side of

roughly MM (8)/v- = 12. From (6.5) we have vy = § — c_(d) = 0.494, yielding the half-step width on the
right hand side of M X (d)/vy =~ 2.4. To summarize, in the full heuristic, the step extends, roughly, from

process is the matrix

b =27 to b = 41. This is close agreement with both the full shape function and the approximation from
which the full heuristic was derived. The difference of the calculated and approximating curves, which lies
mostly within the step, was investigated further. It turns out that in this region, ¢ — (tA{1} )% (b) has two
local minima. The larger of these is essentially that which is used in the approximation, for it is located very

close to 7(u). Outside the step, the two minima coalesce.

Finally, in Figure 4 we illustrate the propagation of the step in —1I;o ,,(b) as u increases. This is done using

the approximation (4.2) for the same model but in this instance with all sources initially oFF.
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Figure 2: Conditioned and unconditioned shape functions.
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Figure 4: Evolution of shape function at times u = 20,40, 60, 80 after conditioning: approximation
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