Economies of scale for long-range dependent trac in
short bu ers
N.G. Duffield

AT&T Laboratories,
Room 2C-323, 600 Mountain Avenue,
Murray Hill, NJ 07974, USA
E-mail: duffield@research.att.com

Consider the problem of predictingloss ratios for trac streams sharing a bu er. Approximations based on the temporal statistical properties of single sources do not account for
the economies of scale which can arise when there is statistical multiplexing gain across
sources. These can occur whether the sources have long or short range dependence; in
either case the economies may be positive or negative. In this paper we investigate this
matter for sources described by fractional ARIMA processes, and show that their shortrange structure can mean that a simple power-law tail based on the Hurst parameter
alone can be over-optimistic when the bu er space allocated per source is not large.
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1 Introduction
Let an in nitely bu ered queue be fed by a stationary arrival process. Denote by At the
work arriving at the queue in the interval [ t; 0), and suppose that the queue is served
at rate s. The theory of large deviations can be used to relate the asymptotic properties
of the arrival process to those of the distribution of the queue length Q. If the queue is
stable (i.e. EA1 < s) and the following limit exists (possibly in nite) for all real :
At
(1)
() = tlim
!1 t () with t () = log E[e ] s;

then (modulo technical assumptions)
lim b 1 log P[Q > b] = ;
b!1

(2)

where the decay rate  is the positive root of () = 0. This result has been proved under
various degrees of generality by several authors [4, 12, 15].
The existence of the limit  is a statement about the shortness of the range of depen To appear in Telecommunication Systems
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dence of increments of the process A. For example, since for large t, t ()  2t(), then
(
At ) ]E[eAt ]. Indeed, the limit  as de ned does not exist when At
is the canonical example of a process with long-range dependence: fractional Brownian
motion with Hurst parameter H 2 (1=2; 1) (see [21] for de nitions). In this case At is
Gaussian with variance t2H and so t 1 log E[eAt ] = 2 t2H 1 ! 1 as t ! 1. However,
the previous large deviation result can adapted through the introduction of a scaling
function as follows. Suppose that the arrival process At is such that the limit

E[eA2t ]  E[e A2t

2H 2
() = tlim
log E[exp(t2H 1 At )] s;
!1 t () exists, with t () = t

(3)

for some H 2 (1=2; 1), as is the case for the above fractional Brownian motion. Then the
asymptotic behaviour of the queue length is that of a Weibull distribution:
lim b2H 2 log P[Q > b] = ;

b!1

(4)

although generally  is not given as the root of () = 0 when H > 1=2. A lower bound
of this form was rst obtained in [22]; subsequently the limit for these and more general
long-range dependent sources was proved in [12]. Note that the limits (3) and (4) reduce
to (1) and (2) when H = 1=2. In this paper we shall deal always deal with sources for
which the limit (3) exists: if for H = 1=2 they will be called short-range dependent (srd);
if for H 2 (1=2; 1) then long-range dependent (lrd). Note that in both cases we assume
that for each xed t, the distribution of At has a suciently short tail for t() to be
nite for some  > 0.
The asymptotics (2) and (4) can be used to approximate the queue length distributions:
(5)
P[Q > b]  e bp
where p = 1 for srd sources, while p = 2 2H for lrd sources. For srd sources this
e ective bandwidth approximation has been proposed as the basis for admission control in
Asynchronous Transfer Mode (ATM) networks, based upon constraints on cell-loss ratios.
(See [19, 26] and references therein).
However, numerical studies suggest that this approximation may not be suciently
accurate for arrivals which are composed of a superposition of a large number of mixing
sources, each with a high degree of autocorrelation. This is demonstrated in Figure 1
using log loss-curves obtained through simulation: these are seen to move away from
a linear approximation based on (5) as the number of sources L is increased while the
o ered load and bu er allocation per source are held constant. In this case one should
consider a joint scaling of the number of sources L, the service rate sL (so as to keep the
load xed) and queue level bL. This behaviour is accounted for by the theoretical result
that
lim L 1 log P[Q > Lb] = I(b);
(6)
L!1
where the shape function I is de ned by a variational expression
I(b) = t>
inf0 It (b)

(7)

where the function It is determined from t in a manner which we shall detail later. This
result has been established in a variety of contexts: originally for Markov modulated
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Poisson processes in [25], more recently for general short-range dependent (srd) sources
in [2], with the discrete-time case treated in [6], srd alternating renewal processes in [24].
The limit (6) for lrd sources was established in [10]. The existence of this limit indicates that, although the temporal statistical properties and consequent tail distributions
for large queue levels b of srd and lrd sources are quite di erent, these tails scale in the
same manner when the number of sources in the superposition becomes large while the
bu er allocation per source is held constant. This can be seen in [10] where it is shown
that the asymptotics of the shape function I for large b are determined to lowest order by
those of the appropriate e ective bandwidth approximation. Thus I(b)=bp   as b ! 1,
with the appropriate p and  as above. At this level of approximation, the shape function
re ects the form of the large b asymptotic for single arrivals.
However, ner asymptotic corrections are also found: under very general conditions
I(b) bp  bu;
as b ! 1
(8)
with p as before and u < p [10], with u = 0 and p = 1 for srd sources [2]. The
di erence I(b) bp determines the statistical multiplexing gain across the sources in the
superposition, when compared with the e ective bandwidth type formula. This gain may
be positive or negative: if it is positive then we speak of the economies of scale which
are to be obtained through the statistical multiplexing of many sources. For example, for
srd sources, (8) leads to the approximation
P[Q > b]  e b e L
(9)
when b  L  1. The quantity  can be shown to be positive for arrivals whose
increments satisfy a positive autocorrelation property (see [2] for details).
The behaviour of I(b) for small b is also of interest. For bursty srd sources, the \twoslope" behaviour of the (typical) loss curves seen in Figure 1 nd heuristic explanation in
terms of the time-scales at which queueing occurs: the cell-level queue determined by the
pattern of the arrival process at short time scales; the burst level queue by that at longer
time-scale. However, is appears that little is known about such phenomena in queues of
lrd trac. In particular one can ask in what manner do short-term correlations within
a lrd process manifest themselves in the small bu er behaviour of the queue-length
distribution. The importance of nding the time-scale of the arrivals process which is
most relevant for the bu er size in question has already been noted in [14] in the context
of the problem of modelling arrival process with large-scale uctuations. As is well-known,
the large-deviation heuristic that \rare events occur in the most likely way" also tells us
when (i.e. at which time-scales) they happen. In the shape-function scheme used in this
paper, then for each queue level b the relevant time is that for which the in mum is
achieved in (7). This observation has been used in [11] to examine the time-dependent
behaviour of the queue length due to large superpositions of srd sources, and recently
in [23] to examine the extent to which it is possible to reproduce the loss curves of lrd
arrivals by those of arrivals which are only srd. Similar ideas have been used to explore
the role of time-scales in modeling VBR video sources in [17].
In this paper, we investigate the e ects of short range structure on loss ratios for
queues with lrd arrivals. For Fractional Brownian motion with a given Hurst parameter
H 2 (1=2; 1), the shape function is exactly that given by the e ective bandwidth-type
approximation: I(b) = b2 2H for all b (see section 2.2). We model additional short-range
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Figure 1: Simulated loss curves for increasing L.
structure by the use of fractional ARIMA processes. In section 2 we review the necessary
analytical framework, unify the treatment of shape functions given previously for trac
whose dependence is short range [2] and long-range [10], and discuss the relevance for online estimation schemes based on the shape function. In section 3 we analyze fractional
ARIMA processes by these means, and illustrate with speci c examples. This establishes that when the bu er occupation per source b is small, the e ective bandwidth type
approximation I(b)  b2 2H based on the Hurst parameter alone can be over-optimistic.

2 The asymptotics of large superpositions
We need to review in more detail the basis for the asymptotic results (6) and (8). For
each positive integer L consider a queue with backward arrival process (ALt )t2Z+ : i.e. ALt
is the work arriving to be processed in the interval [ t; 0). The work is served at rate
sL for some xed s. We have in mind the example that ALt is the arrival process due
a superposition of L sources, although this is not necessary. De ne the excess workload
process WtL = ALt Lst and W0L = 0. Then the queue length at time zero is
QL = sup WtL :
t0

(10)
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2.1 The large L asymptotic.

To access the large deviation properties of lrd sources, a slightly more general scaling
scheme will be used than in the introduction. Let v and a be scaling functions, i.e. increasing functions, each mapping the positive half-line onto itself. De ne the log cumulant
generating function (cgf) of the excess workload process by
Lt () = (Lv(t)) 1 log E[exp(WtL v(t)=a(t))]:
(11)
v and a are not arbitrary, for we will assume:

Hypothesis 1

(i) For each  2 R, the limits

t () = Llim
L ()
!1 t

and () = tlim
!1 t ()

(12)

exist as extended real numbers. Moreover, the rst limit exists uniformly for all t
suciently large.
(ii) t and  are essentially smooth (see[9]).
(iii) There exists  > 0 for which t () < 0 for all t suciently large.
(iv) For all " < 0,
X
0

sup L
nlim
!1 lim
L!1

1

log

n0 n

e"Lv(n ) = 1:

(13)

The role of the scaling functions a and v will be discussed further in section 2.3. The
main theorem used here for the large L asymptotic is a slight adaptation of one from
[10] (where it is proved also for continuous time processes under an additional regularity
hypothesis).

Theorem 2

Under Hypothesis 1

I(b)  lim sup L 1 log P[QL > Lb]
L!1

 lim
inf L 1 log P[QL > Lb]  I(b+ );
L!1

(14)
(15)
(16)

with I(b) = t>
inf0 t (b);
where + denotes the limit from above, and f  denotes the Legendre-Fenchel transform of
a real function f , de ned by
f  (x) = sup (x f()) ;
(17)


and speci cally t is the Legendre-Fenchel transform of t de ned by
1
WtL ]:
t () := Llim
L
log
E
[e
!1

(18)
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Proof

In [10] this theorem is proved with the variational expression
I(b) = t>
inf0 v(t)t (b=a(t))

(19)

in place of (16): so we just have to show that the two are equivalent. This follows from
the fact that
v(t)t (b=a(t)) = v(t) sup (b=a(t) t ())
(20)

= sup(b t()) = t ();
(21)


since for xed t we can rescale  to v(t)=a(t) in (20).
2.2 Example: Gaussian Processes

In the next section we will treat some examples of Gaussian processes with long-range
dependence. Assume
that ALt is a superposition of i.i.d Gaussian processes which we
P
L
write as At = L (At + mt), where At is a centered Gaussian processes and m > 0. In
this scheme we regard At as describing uctuations of arrivals in a single source about
a mean rate m. Let t be the variance of At . We write the service rate per source of
s + m with
P s > 0, so that m drops out of the expression for the excess workload process
WtL = L(At st). Then
t () = log E[e(At st)] = 2 t2=2 st;
(22)
and a simple calculation gives
st)2 :
(23)
t (b) = (b +
2t2
An example of this is when At is fractional Brownian Motion (fBM) with Hurst parameter
H 2 (0; 1) [21]. In this case t2 = t2H , and one establishes that
 2H
I(b) = b2 2H where  = 12 Hs
(1 H) 2(1 H ):
(24)
Fractional Brownian Motion has been proposed as a model of Ethernet (and other) trac:
see [20].
2.3 The role of the scaling functions

It is worth remarking that the scaling functions a and v do not appear explicitly in the
variational expression obtained from (16) and (18). Indeed, for each t, the existence of
the limit t (equivalent to the existence of the limit t ) is a re ection of the fact that
the pair (WtL ; L) is to satisfy a large deviation principle with rate function t , a matter
which is independent of the temporal structure of the excess workload process.
But the role of a and v is two-fold. Firstly, as discussed in the introduction, the form
of the scaling functions determine the particular asymptotic from of I(b) for large b, as
displayed in eq. (8). When a and v are power-laws: a(t) = ta and v(t) = tv then p = v=a.
Fractional Brownian motion provides an example of this, with a(t) = t, v(t) = t2 2H .
Secondly, the comparative simplicity of the formula (16) hides the fact that the proof of
the upper bound (14) in [10] requires the existence of the limit .
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2.4 Consequences for measurement schemes

The absence of the scaling functions from (18) has a useful consequence for resource
allocation schemes based upon measurement of large deviation rate functions. Let us
concentrate on the case of i.i.d. sources, in which case Lt = t for all L, i.e. the cgf of
the excess workload process of a single source served at rate s. Then t and hence I could
be estimated through measurement without making assumptions about the appropriate
scaling functions a and v. Rather, one interprets the large L asymptotic (6) as saying
that L 1 log P[Q > Lb] is approximately independent of (suciently large) L. Thus
measurements of loss probabilities for smaller L could be used to estimate those for larger
L (see [3, 7] for further detail).
However, a(t) and v(t) will be required if one wishes to use large b asymptotic for
xed L: for single srd sources by using (5); more generally using the large deviation
asymptotic
1 log P[Q > b] = 
(25)
lim
b!1 v(a 1 (b))
from [12] of which (4) is a special case; or using (8) for many sources. This is seen already
in schemes for online determination of  for single sources proposed in [8, 13], where
the estimation of  for the linear asymptotics (2) is predicated on the assumption that
processes are stationary and only srd (at least during the period over which estimation
is carried out).
In dealing with measurement schemes it is important to determine over what time
scales measurements must be made to observe a given rare event. In the large L scheme
outlined above, then for each bu er size b we can associated the time t(b) at which the
in mum in (16) is attained. The asymptotic properties of t(b) are contained in the next
result.

Proposition 3

Suppose Hypothesis 1 is satis ed with power-law scaling functions v(t) = tv and a(t) = ta
with a > v > 0, and that for some t0 > 0, lim infb!1 inf 0<t<t0 v(t)bt (1=a(t))   . Set
h(t) := v(a 1 (t)) = tv=a. Then  = inf c>0 h(1=c) (c) and


t(b)  b1=ar 1=v ; where r = (  h 1) 0 ():

(26)

Proof

The formula for  is from [12]. Following the proof of Theorem 2 in [10], then we can
rewrite (19) by means of the time change c = v(t) as
I(b) = J(h(b)); where J(b) = c>
inf0 cfc (b=c);

(27)

where fc = v 1 (c)  h 1 . In Theorem 4 of [10] it is shown that the in mum in (27), call
it (b), follows the asymptotic
(b)  b=r
Thus

as b ! 1:

t(b)  v 1 ((h(b))) = a 1 (b)=v 1 (r)

(28)
as b ! 1:

(29)
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It is worth remarking that a(t) = t in the models which we examine in this paper.

3 Fractional ARIMA processes
Let us now introduce some short-range structure into lrd processes. In this section we calculate the shape function for an arrival process whose increments are a Gaussian fractional
ARIMA process. We review these brie y (following [18], to which we refer the reader for
further details). The Gaussian random walk in discrete time is the ARIMA(0,1,0) process
xt de ned by rxt := (1 B)xt = at where B is the backward shift operator Bxt = xt 1
and the at are i.i.d. standard Gaussian random variables: thus the increments of the
process xt are the stationary process xt .
The fractional di erence operator rd is de ned for real d by the power series

rd = (1 B)d =

1 d
X
k=0

 k
k ; where d = Y j + d 1 :
(
B)
k
k j =1 j

(30)

The ARIMA(0,d,0) process is de ned formally, by analogy with ARIMA(0,1,0), as the
solution xt to
rd xt = at:
(31)
Setting H = d+1=2, then for d 2 ( 1=2; 1=2) we can think of ARIMA(0,d,0) as a discrete
time analogue of fractional Brownian motion with Hurst parameter H, the latter process
being the dth fractional di erence of Brownian motion.
ARIMA(p,d,q) processes are formally de ned as solutions xt to
(B)rd xt = (B)at

(32)

where  and  are polynomials of degree p and q respectively. The role of the polynomials
 and  in modelling is (as it is for standard ARMA models) to introduce short-range
structure (through autoregression and moving averages) into a process whose long-range
structure is determined by d.  =  = 1 gives ARIMA(0,d,0) as a special case.

Proposition 4 [18]

Let xt be an ARIMA(p,d,q) process with 12 < d < 21 . Assume all the zeros of ,  lie
outside the unit circle in the complex plane. Then xt is stationary and has spectral density

f(!) =

0

+2

X

(ei! )(e i! )
t cos(!t) = (ei! )(e i! ) (2 sin(!=2)) 2d ;
t1

(33)

for 0 < !   where t = E[xk xk t].

Note: since xt is stationary, t = t , f(!) = f(2 !) is real, and so (33) extends
to (0; 2).
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3.1 Analysis of the Shape Function

Within the framework of section 2.2 we shall consider a queue
P whose excess workload
process is an L-fold superposition of identical processes, WtL = L (At st). The arrivals
per source processes at time t are xt +m where m is a drift and xt is an ARIMA(p,d,q)
process which satis es the hypotheses of Prop. 4,
P with the additional requirement that
d > 0 (correspondingly H > 1=2). Thus At = tk=1 xk Let t2 denote the variance of
At. In our analysis of the shape function for ARIMA(p,d,q) processes, we shall need to
establish the following result.

Proposition 5
(i)

 (1) 

2

t  (1)
(ii) 12 > t 2 t2 for all t > 1
2

t2d+1
(2d + 2) sin(d) ;

t ! 1:

(34)

Proof
(i)

t2 =

X
1

uk =

k j=

k;j t
kX1
0

+2

j =1

t
X
k=1

uk

where

(35)

j:

(36)

From Prop4 we have that f(!)  ((1)=(1))2 ! 2d as ! ! 0+ . Thus by the Tauberian
Theorem 4.10.1 of [1],
 (1) 2
t2d
ut  (1)
t ! 1:
(37)
(2d + 1) sin(d) ;
The stated result follows by summing this asymptotic relation using Theorem 1.5.8 of [1]
(ii) Since f(!) > 0,
t212 t2 = (2)

1

= (2)

1

Z

2



0

Z

0

2



0
d! f(!) @ t

X

2

X

d! f(!)
1

1

j;kt

j;kt

1
cos((j k)!)A

(1 cos((j k)!)) > 0:

(38)
(39)

Theorem 6
(a) The excess workload process WtL described above for ARIMA(p,d,q) arrivals with
d 2 (0; 1=2) satis es Hypothesis 1 with a(t) = t and v(t) = t d. The corresponding
shape function I has the following behaviour:

1 2
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(b) I(b)  b1 2d as b ! 1, where

=2

1

 2  s 2d+1
(2d + 2) sin(d) (1)
(1=2 d)2d 1:
(1)
d + 1=2

(40)

(c) I(0) = s2 =(212 )
(d) I 0 (0) = s=12

Proof

(a) In Hypothesis 1(i), the rst limit is trivial since the sources are identical and independent. For the second limit, observe that t () = v(t)2 t2 =(a(t))2 st=a(t)  const.2 s
as t ! 1; properties (ii) and (iii) follow straightforwardly, as does (iv) from the form of
the power-law for v(t).
(b) This follows from eq. (84) of [10] and Prop. 5(i).
(c) Recall t (b) = (b + st)2 =(2t2). By (18), I(0) = inf t1 t (0). By Prop. 5(ii),
t (0) > 1 (0) for t > 1, and so the in mum is attained at t = 1.
(d) Since t (0) > 1 (0) for t > 1, b ! t (b) is increasing, and b ! 1 (b) is continuous,
then t (b) > 1 (b) for all t > 1 and b in some neighbourhood [0; ~b). Thus I(b) = 1 (b)
for b 2 [0; ~b) and the result follows by di erentiation.
3.2 Examples

We calculate the shape function for some examples of ARIMA(p,d,q) processes. For
p = q = 0 we are able to calculate t2 explicitly from the spectral density f:

Z 2
t 1
X
1
t = 2
d!f(w) t + 2 (t k) cos(!k)
0
k=1
Z
2
1
d!f(w)g(t; w)
= 2
0
2

!

(41)
(42)

where

t!
g(t; !) = 11 cos
(43)
cos ! :
R
By application of a standard result for 0 dx(sinx)p 1 cos(ax) (see p372 of [16]) this yields
( 1 d)
) ( 1 2 d)
t2 = 22d+1 p2 ( d) 2 cos(t
(44)
( d t) ( d + t)
For p; q not both zero, t2 is not generally available in closed form, and we have had to
calculate t2 by numerical integration of (42) for particular choices of ;  and d. In both
cases we calculate I by numerical minimization in (18) over a suitably large domain (the
required size can be estimated from Prop. 3).
The results of these calculations are displayed for d = 31 in Figure 2 and for d = 41 in
Figure 3. These shape functions were obtained after normalizing the spectral density by
dividing by ((1)=(1))2 in order that that the asymptotics of the variances t2 are the

N.G. Dueld / Long-range dependent trac in short bu ers
0
-0.2
-0.4
-0.6
-0.8
-1
I(b)
-1.2
-1.4
-1.6
-1.8
-2
-2.2

11

ARIMA(0,1/3,3)
ARIMA(0,1/3,2)
ARIMA(1,1/3,1)
ARIMA(0,1/3,0)
Fractional BM
ARIMA(2,1/3,0)
ARIMA(3,1/3,0)

0

2

4

b

6

8

10

Figure 2: Shape functions for some ARIMA(p, 13 ,q) processes
same for each process with a given d. Also plotted for comparison is the shape function
for fBM with the same d and asymptotic variance.
Features commonto both plots are as follows. (a) The shape function for ARIMA(0,d,0)
is virtually identical with that of the corresponding fraction Brownian motion. (b) All
curves approach the same asymptote for large b as expected from Theorem 6(i). (c) The
di erence between the shape functions and that for ARIMA(0,d,0) can take either sign.
One can account for this at an intuitive level: for those processes for which the shape
function lies below the ARIMA(0,d,0) curve have increments which are positively correlated at all lags. Those which lie above have increments which are negatively correlated
for some nite set of initial lags, but which become positively correlated for all suciently
large lags. (This can be related to the experience with the shape function for srd sources:
in the example of 2-state Markov sources, the shape function has the asymptotic form
I(b) b   where the shift  is positive (negative) when its increments are positively
(negatively) correlated at lag 1; see [2]). However, we have not been able to establish a
systematic connection between the sign of the autocorrelations and the sign of the shift
between the curves.

4 Conclusions
Whereas it would be desirable to provide some further analysis to explain the features
observed in Figures 2 and 3, this appears to be precluded by the complexity of the
expressions involved. However, these numerical examples do demonstrate the short-range
structure modi es the shape function I(b) at small b from the corresponding pure power-
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Figure 3: Shape functions for some ARIMA(p, 14 ,q) processes
law for fBM. Thus schemes for bu er dimensioning based purely on determination of
the Hurst parameter H could underestimate loss-ratios at smaller bu er sizes, since they
ignore short-range structure.
Theorem 6 provides an estimate for the behavior of I(b) for b in a neighbourhood of
zero. Indeed, it appears from Figures 2 and 3 that the linear estimate I(b)  I(0)+bI 0 (0)
is conservative for the initial region of the graph in the case that it lies above the curve
for fBM.
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